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Introduction

Context

Robust design optimization

The problem :

min p(f(x+&x,€p))

with
o f: X xR™ — R the objective function, with X an
hyperrectangle of R™ ;
o p:R — R a measure to handle the uncertainties ;
o &, the uncertainties on the decision variables;

e &, the uncertainties on the parameters.
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Introduction

First example

What is a robust optimum ?

Robust solution

Non-robust
| o — solution

b R g
5 0 o0

FIGURE — Concept of robust optimum
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Introduction

Context

The key : the measure p

The are three main approaches :

e Robust optimization [1]

p= sup f(&)
£XEN(X)

e Distributionally robust optimization [2]

p= sup [(&)

gx GD(X)

e Stochastic programming [3].
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The conditional Value-at-Risk measure

Formulations

A first formulation

Let f be integrable with a continuous cumulative distribution @,
its left-side quantile is defined as :

tr = lnf{t : P(f(x+£x7£p) < t) >1- Oé} = (I)_l(l - Oé)
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The conditional Value-at-Risk measure

Formulations

A first formulation

Let f be integrable with a continuous cumulative distribution @,
its left-side quantile is defined as :

tr = lnf{t : P(f(X + Sx:gp) < t) >1- Oé} = (I)_l(l - Oé)
Then, CVaR,, is defined as :

CV&RCX(f(X + €x7 Ep)) - Eﬁx,ﬁp [f(X + £x7 Ep)‘f(x + Ex? €p) > t*]
=t" + éEﬁx,ﬁp[(f(X + Exv gp) - t*)+]7
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The conditional Value-at-Risk me

[Mlustration of CVaR, measure
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F1GURE — Comparison of CVaR, measure for different value of «
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The conditional Value-at-Risk me

[Mlustration of CVaR, measure
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The conditional Value-at-Risk measure

[Mlustration of CVaR, measure
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The conditional Value-at-Risk measure

[Mlustration of CVaR, measure

Test function

104
0.8 1
0.6 -
044
X
=
0.2 4
0.0 4
—— Function f
—0.2 CvaR alpha = 1
—— CVaR alpha = 0.5
o4l — CVaR alpha = 0.1
T T T
0.0 0.2 0.4 0.6 0.8 10
X

F1GURE — Comparison of CVaR, measure for different value of «

Romain Cou



The conditional Value-at-Risk measure

[Mlustration of CVaR, measure
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£ = imf{t : P(f(x+&xrbp) < 1) > 1—a)
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The conditional Value-at-Risk measure

Formulations

A second formulation

The previous measure may be formulated, with S = % — 1 and
Z = f(x+Exby), as :

CVaRq(Z) =E[Z] + inf E[(t = Z)+ + B2(Z — t)4].
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The conditional Value-at-Risk measure

Formulations

A second formulation

The previous measure may be formulated, with S = % — 1 and
Z = f(x+Exby), as :

CVaRq(Z) =E[Z] + inf E[(t = Z)+ + B2(Z — t)4].
and the problem becomes :

x &igngng,gp (Z +(t = Z)+ + Bo(Z — )]

pa(x7t)
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The conditional Value-at-Risk measure

An interesting result

The smoothing phenomenon

Proposition

Let 2, = (Q1, F1,P1) and Z5 = (Qa, Fo,Ps) be two probability
spaces and By € RT*. Let us assume that :

o f is continuous for almost every (€x,&,) € Q1 X Qa5

e The random vector X = x + &, ~ N (x,X) with
Y =diag(o) ;

o The random vectors & and &, are independent ;

Then, pa(x,t) may be written as a convolution product between :

F(X) = Eﬁp [f(X, Ep) + (t - f(X’ 5p))+ + BQ(f(Xv gp) - t)-i-]

x7
G(x) = t—e” 2i12.7 Yt € R.

U%(QTF)%
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The conditional Value-at-Risk measure

An interesting result

An analytic formulation of the derivatives

A direct corollary of the previous result is that :
® po(x,t) is infinitely continuously differentiable ;

o Its first partial derivatives are :

? 1
P = Be g, €, (Fx. &)+

(t = Fx.&p)+ + AalF(x. &) — 0)4)].
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The conditional Value-at-Risk measure

Extension to others distributions

The Rosenblatt’s transformation

This result may be extended to any distribution of &, by using
Rosenblatt’s transformation :

Definition (Rosenblatt Transformation )

Let X € R™ be a continuous random vector defined by its
univariate marginal cumulative distribution functions FZ-X and
its copula CX. The Rosenblatt transformation T® of X is
defined by :

U = T%(X)

The previous proposition is then applied on :

fx+1U,8,) = f(x+ (T%)71(U),&,)
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The Smoothed Functional Algorithm

The Gaussian Based Smoothed Functional Algorithm [4]

Pseudo-code

Algorithm 1 Smoothing function algorithm

1: A iteration counter k£ = 0;

2: A starting point Xo;

3: Some bounds A’;

4: A sequence aj, = ﬁ with C' and a some positive constants;

5: for k=1,2,.. do

6: Simulate £, € R” as a Gaussian random vector of mean 0 and ¥ = o [;

7: Calculate:
Fyo= flxe+ &, 6p)
Fo= f(xp — 5;::,“7 Ep)
8: Update:
F,—F

Xp+1 = Xg — ”kW

an

9: Project x4, on X
X1 = T (Xgt1)

0: end for




The Smoothed Functional Algorithm

Results on the Rosenbrock test function
Test plots for a = 1
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FIGURE — Result on 100 runs on the Rosenbrock test function




The Smoothed Functional A

Results on the Rosenbrock test function

Numerical results for o = 1

The Rosenbrock test function is :

The following table shows the results in case where
& ~N(0,01 x1):

Function
Gap |2y — 2*| | Ratio 2=2 | evaluations
To Bounds n Ep o (mean) (mean) (mean)
Test 1 —1.2,1]" [-2,2]* 2 0 0.1 0.35 0.99 345
Test2 | [—1.2,1]"| [-2,2]" 10 0 0.1 1.09 0.99 5934
Test3 | [—1.2,1]"| [-2,2]" 100 0 0.1 190 0.99 6707
Test4 | [—1.2,1]" [-2,2]" 1000 0 0.1 10845 0.95 20845

FIGURE — Results obtained from 100 runs on the Rosenbrock function
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The Smoothed Functional Algorithm

Results on the noised Rosenbrock test function

Numerical results for o = 1

The noised Rosenbrock test function is :
n—1
D (10(xir — 27) + €)% + (1 — ) + &)°
=1

The following table shows the results in case where

& ~N(0,0.1 xI)and &, ~N(0,1) fori=1,2:

Function
Gap |z — 2z*| | Ratio g{ evaluations
xg Bounds n §p o (mean) (mean) (mean)
Test1 | [—1.2,1]" [-2,2]" 2 1 0.1 0.47 0.99 550
Test2 | [—1.2,1]" [-2,2]" 10 1 0.1 1.89 0.99 9571
Test3 | [—1.2,1]" [-2,2]" 100 1 0.1 170 0.99 9233
Test4 | [—1.2,1]"| [-2,2]" 1000 1 0.1 10442 0.95 23823

FIGURE — Results obtained from 100 runs on the noised Rosenbrock
function
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The Smoothed Functional A

The GBFA for robust desi

Pseudo-code

Algorithm 2 Smoothed functional algorithm for robust design optimization (Version 1)

1: A iteration counter k& = 0;
2: A starting point Xg;
3: Some bounds X;
4: A sequence aj, = 'z with C'and a some positive constants;
5: for k=1,2,... do
6 Simulate {,.A_ € R™ as a Gaussian random vector of mean 0 and > = o1;
7 Calculate:
Fo= 10+ Lo+ €06y) — 1),

Fo=t"+ 1(f(r — €. &) — ')+

8: Update: ) )
Xp1 = X — “k%g.rk
9: Project x4, on X
Xp1 = T (Xps1)
10: end for
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The Smoothed Functional Algorithm

Results on a discontinuous test function

Numerical results for different values of a

FonctionTP1

alpha=1

x1

FIGURE — Result for a =1
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The Smoothed Functional Algorithm

Results on a discontinuous test function

Numerical results for different values of a

FonctionTP1
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FIGURE — Result for a = 0.5
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The Smoothed Functional Algorithm

Results on a discontinuous test function

Numerical results for different values of a

FonctionTP1
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FIGURE — Result for o = 0.1
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The Smoothed Functional Al

Results on a discontinuous test function

Numerical results for different values of a

FonctionTP1
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The Smoothed Functional Algorithm

Results on a discontinuous test function

Some good results but ...

Function
evaluations
Zo Bounds « (mean)
Test 1 | [—5,—5] | [-10,10] 1 3593
Test2 | [—5,—5] | [-10,10 0.5 8313
Test3 | [—5,—5] | [—10,10 0.1 52467
Test4 | [—5,—5] | [-10,10] 0.01 306504

FIGURE — Function evaluations for the previous results
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The Smoothed Functional Alg

The GBFA for robust design optimization

Any idea for updating t 7

Algorithm 3 Smoothed functional algorithm for robust design optimization (Version 2)

1: A iteration counter k = 0;

2: A starting point X¢;

3: Some bounds X’;

4: A sequence aj = 'z with C' and a some positive constants;

5: for k=1,2,.. do

6 Simulate £, € R™ as a Gaussian random vector of mean 0 and ¥ = o/;
7 Calculate:

Fy= J(x+ &0 &) + (1= T (X + &5 €p))+ + Pl (x + €50 §p) — 1)+

Fo= f(x+ &0 €p) + (0= (x4 &5 €)1 + Pa(f (X + €5 &) — )+

8: Update:
F, —F_
Xp+1 = X — ”}\'Tg.l'k
9: Project xj41 on X
Xpe1 = T (Xpy1)
10: end for
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