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Context
Robust design optimization

The problem :

min
x∈X

ρ(f(x + ξx, ξp))

with
f : X × Rm → R the objective function, with X an
hyperrectangle of Rn ;
ρ : R→ R a measure to handle the uncertainties ;
ξx the uncertainties on the decision variables ;
ξp the uncertainties on the parameters.
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First example
What is a robust optimum?

Figure – Concept of robust optimum
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Context
The key : the measure ρ

The are three main approaches :

Robust optimization [1]

ρ = sup
ξx∈N (x)

f(ξx)

Distributionally robust optimization [2]

ρ = sup
ξx∈D(x)

f(ξx)

Stochastic programming [3].
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Formulations
A first formulation

Let f be integrable with a continuous cumulative distribution Φ,
its left-side quantile is defined as :

t∗ = inf{t : P(f(x + ξx, ξp) ≤ t) ≥ 1− α} = Φ−1(1− α)

Then, CVaRα is defined as :

CVaRα(f(x + ξx, ξp)) = Eξx,ξp [f(x + ξx, ξp)|f(x + ξx, ξp) ≥ t∗]
= t∗ + 1

αEξx,ξp [(f(x + ξx, ξp)− t∗)+],
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Illustration of CVaRα measure

Figure – Comparison of CVaRα measure for different value of α
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Illustration of CVaRα measure

Figure – Comparison of CVaRα measure for different value of α

t∗ = inf{t : P(f(x + ξx, ξp) ≤ t) ≥ 1− α}
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Formulations
A second formulation

The previous measure may be formulated, with β2 = 1
α − 1 and

Z = f(x + ξx, ξp), as :

CVaRα(Z) =E[Z] + inf
t∈R

E[(t− Z)+ + β2(Z − t)+].

and the problem becomes :

min
(x,t)∈X×R

Eξx,ξp [Z + (t− Z)+ + β2(Z − t)+︸ ︷︷ ︸
ρα(x,t)

]
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An interesting result
The smoothing phenomenon

Proposition

Let Z1 = (Ω1,F1,P1) and Z2 = (Ω2,F2,P2) be two probability
spaces and β2 ∈ R+∗. Let us assume that :

f is continuous for almost every (ξx, ξp) ∈ Ω1 × Ω2 ;
The random vector X = x + ξx ∼ N (x,Σ) with
Σ = diag(σ) ;
The random vectors ξx and ξp are independent ;

Then, ρα(x, t) may be written as a convolution product between :

F (x) = Eξp [f(x, ξp) + (t− f(x, ξp))+ + β2(f(x, ξp)− t)+]

G(x) = 1

σ
n
2 (2π)

n
2
e−

∑n
i=1

x2i
2σ2 ,∀t ∈ R.
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An interesting result
An analytic formulation of the derivatives

A direct corollary of the previous result is that :
ρα(x, t) is infinitely continuously differentiable ;
Its first partial derivatives are :

∂

∂xi
ρα(x, t) =

1

σ2
Eξx,ξp

[
ξxi
(
f(x, ξp)+

(t− f(x, ξp))+ + β2(f(x, ξp)− t)+
)]
.
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Extension to others distributions
The Rosenblatt’s transformation

This result may be extended to any distribution of ξx by using
Rosenblatt’s transformation :

Definition (Rosenblatt Transformation )
Let X ∈ Rn be a continuous random vector defined by its
univariate marginal cumulative distribution functions FX

i and
its copula CX. The Rosenblatt transformation TR of X is
defined by :

U = TR(X)

The previous proposition is then applied on :

f̃(x + U, ξp) = f(x + (TR)−1(U), ξp)

Romain Couderc 15 / 26



Introduction
The conditional Value-at-Risk measure

The Smoothed Functional Algorithm
Références

The Gaussian Based Smoothed Functional Algorithm [4]
Pseudo-code
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Results on the Rosenbrock test function
Test plots for α = 1

Figure – Result on 100 runs on the Rosenbrock test function
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Results on the Rosenbrock test function
Numerical results for α = 1

The Rosenbrock test function is :
n−1∑
i=1

(10(xi+1 − x2i ))2 + (1− xi)2

The following table shows the results in case where
ξx ∼ N (0, 0.1× I) :

Figure – Results obtained from 100 runs on the Rosenbrock function
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Results on the noised Rosenbrock test function
Numerical results for α = 1

The noised Rosenbrock test function is :
n−1∑
i=1

(10(xi+1 − x2i ) + ξ1)
2 + ((1− xi) + ξ2)

2

The following table shows the results in case where
ξx ∼ N (0, 0.1× I) and ξi ∼ N (0, 1) for i = 1, 2 :

Figure – Results obtained from 100 runs on the noised Rosenbrock
function
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The GBFA for robust design optimization
Pseudo-code
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Results on a discontinuous test function
Numerical results for different values of α

Figure – Result for α = 1
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Results on a discontinuous test function
Numerical results for different values of α

Figure – Result for α = 0.5
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Results on a discontinuous test function
Numerical results for different values of α

Figure – Result for α = 0.1
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Results on a discontinuous test function
Numerical results for different values of α

Figure – Result for α = 0.01
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Results on a discontinuous test function
Some good results but ...

Figure – Function evaluations for the previous results
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The GBFA for robust design optimization
Any idea for updating t ?
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